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ABSTRACT
A deformation of a neutron star due to its own magnetic field is an important
issue in gravitational wave astronomy, since a misaligned rotator with small ellipticity
may emit continuous gravitational wave that may be observed by ground-based de-
tectors. Recently Mastrano et al. (Mastrano et al. 2011, 2013) evaluated deformations
induced by both poloidal and toroidal magnetic field in non-barotropic model stars
by neglecting the gravitational field perturbation (Cowling approximation). Following
their treatment in non-barotropic fluid and magnetic configurations, we here assess the
effect of gravitational perturbation that they neglected. We show that the ellipticity
computed with gravitational perturbation is roughly twice as large as that obtained
by Cowling approximation. We should allow this amount of error in using the neat
analytic treatment proposed by them.
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1 INTRODUCTION
A rotating neutron star with a non-axisymmetric deforma-
tion with respect to the rotational axis emits gravitational
wave because of its time-dependent mass quadrupole. The
quadrupole scales as the ellipticity ǫ of the deformed star (see
Eq.(11)). Therefore there is a strong astrophysical motiva-
tion to compute how much ellipticity we may expect in neu-
tron stars. One of the possibilities that have been proposed
to allow misaligned deformation of rotating neutron stars
is the magnetic deformation of the stars. Radio pulsars are
regarded as a misaligned rotator with strong magnetic field
(with typical surface fields B ∼ 108 T (1012 Gauss)). We
now have another class of neutron stars with super-strong
field (B > 109 T), i.e.,’magnetars’. Although the magnetic
fields outside the stars are usually assumed to be dipolar, the
configuration of magnetic field inside the stars is unknown.
Chung & Melatos (2011) gives observational evidences of
the dipolar field in some of the millisecond pulsars, while
there are indications that some of the neutron stars may
have multipole magnetic field (see Mastrano et al. (2013)).
The deformation of a neutron star due to magnetic
field strongly depends on its internal field configuration and
we may have a clue to the internal magnetic configuration
when the gravitational waves from misaligned rotators are
observed.
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The studies on the issue of magnetic deformation of
neutron stars have been mainly studied under the as-
sumptions of barotropic stars ( general relativistic studies
are found for instance in Bonazzola & Gourgoulhon (1996);
Colaiuda et al. (2008); Ciolfi et al. (2010); Newtonian
counterparts are found in Tomimura & Eriguchi (2005);
Yoshida et al. (2006); Haskell et al. (2008); Lander & Jones
(2009); Fujisawa et al. (2012)).
Strictly speaking a neutron star is, however, a non-
barotropic star which has a density stratification due to a
gradient of chemical composition (Reisenegger & Goldreich
1992; Reisenegger 2009). In this case the restrictions on a
possible magnetic field structure inside may be rather re-
laxed compared to the barotropic stars. This is because the
gas pressure p is not restricted by an one-parameter equation
of state of density ρ such as p = p(ρ) .
Under this physical picture, Mastrano et al. (2011,
2013) evaluated deformations induced by both poloidal and
toroidal magnetic field in non-barotropic model stars. They
first prescribe the functional form of magnetic field and com-
pute the density perturbation induced by the Maxwell stress.
In these studies the perturbation of gravitational potential
is neglected (Cowling approximation). The former studies of
deformations of neutron stars with crust suggest that Cowl-
ing approximation is According to the stellar perturbation
theory (Unno et al. 1989), the perturbed gravitational po-
tential for non-axisymmetric perturbations becomes asymp-
totically zero with increasing number of azimuthal nodes.
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For axisymmetric perturbation of a lower order this is not
the case, and we may expect a large errors in neglecting
gravitational perturbation. It is therefore to important to
know how large errors we may have in adopting Cowling
approximation to compute a small deformation of a star by
magnetic stress.
In this paper we compare the ellipticity of magnetized
non-barotropic star with and without gravitational per-
turbation, by following the formulation in Mastrano et al.
(2011, 2013).
2 FORMULATION
We mainly follow the formulation made by Mastrano et al.
(2011), except for the treatment of density perturbation in
the presence of magnetic field. Magnetic field is treated as
a perturbation to a non-magnetic spherical star with den-
sity and pressure stratification. The density profile of the
non-magnetic star is prescribed and the pressure profile is
adjusted so that it balances the local gravitational accel-
eration. Here we consider their ”parabolic” density profile
ρ(r),
ρ =
15M⋆
8πR3⋆
(1− r2), (1)
whereM⋆, R⋆ are the stellar mass and radius. The radial co-
ordinate r is normalized by R⋆. The gravitational potential
Φ consistent with the density profile is
Φ =
GM⋆
2R⋆
(
5r2
2
−
3r4
4
−
15
4
)
(2)
and the stratified pressure distribution p(r) balancing with
the gravity is
p =
15M2⋆
16πR4⋆
(
1−
5r2
2
+ 2r4 −
r6
2
)
. (3)
Axisymmetric magnetic field is imposed on the non-
magnetic star above. The magnetic field ~B is determined by
two scalar functions α and β as
~B = B0[ηP∇α×∇φ+ ηT β∇φ], (4)
where B0 is a constant and β is a functional of α. ηP and ηT
are parameters determining the poloidal and toroidal mag-
netic field amplitude. We adopt the analytic profile of α as
in Mastrano et al. (2011) and their functional form of β
α =
35
8
(
r
2 −
6r4
5
+
3r6
7
)
, (5)
and
β =
{
(α− 1)2 (α > 1)
0 (α < 1).
(6)
Lorentz force by the magnetic field modifies the density and
pressure distribution inside the star. The magnetic stress
is treated as a small perturbation and we consider the lin-
ear perturbation δρ, δp and the perturbation of gravitational
potential δΦ. The force balance including magnetic stress is
1
µ0
(∇× ~B)× ~B = ∇δp+ δρ∇Φ+ ρ∇δΦ, (7)
where the last term on the right hand side is neglected in
Mastrano et al. (2011). We here adopt SI unit. By integrat-
ing θ-component of Eq.(7) we obtain the following relation,
δp+ ρδΦ = −
B20α
µ0r2 sin2 θ
[
η
2
P
△ˆα
+2η2
T
(
α3
3
−
3α2
2
+ 3α− lnα−
11
6
)]
, (8)
where the operator △ˆ = ∂
2
∂r2
+ sin θ
r2
∂
∂θ
(
1
sin θ
∂
∂θ
)
is introduced.
Here we omit a monopole term, as is done in Mastrano et al.
(2011), since it amounts to rescaling the spherical back-
ground star. Then r-component of Eq.(7) is written as,
dΦ
dr
δρ−
dρ
dr
δΦ =
B20
µ0
η
2
P
α
∂
∂r
(
△ˆα
r2 sin2 θ
)
+
B20
µ0
· 2η2
T
(
α3
3
−
3α2
2
+3α− lnα−
11
6
)
∂
∂r
(
α
r2 sin2 θ
)
. (9)
The right hand side is a fixed function of r, θ when α and
β are prescribed. It should be noticed that the terms in
(8) and (9) having the factor η2
T
vanishes when α < 1.
It ensures that the toroidal component of magnetic field is
enclosed in the star and no electric current exists in vac-
uum outside. When Cowling approximation is adopted as
in Mastrano et al. (2011), the second term on the left hand
side is neglected and δρ is evaluated analytically. We here
retain the term and compare the results with those by Cowl-
ing approximation. δΦ in the second term is a functional of
δρ and written as
δΦ(r, θ) = 4πG
∫
dV
′
δρ(r′, θ)G(r′, θ′|r, θ) (10)
by using an appropriate Green’s function G for Poisson’s
equation. We solve Eq.(9) for δρ on a finite-difference grid
point by discretizing the integration.
Ellipticity ǫ that characterizes the stellar deformation
due to magnetic field is defined by
ǫ =
Izz − Ixx
I0
= πR5⋆I
−1
0
∫
1
0
r
2
dr
∫ π
0
sin θdθ δρ r2(1− 3 cos2 θ), (11)
where I0 is the moment of inertia of the non-magnetic spher-
ical star.
The ratio of magnetic field strength in poloidal and
toroidal component is measured by the parameter Λ which
is defined as the ratio of the magnetic energy of poloidal field
to the total magnetic energy (the domain of the integrations
also includes the vacuum region around the stars),
Λ =
∫
dV ~B2p∫
dV ~B2
=
η2
P
η2
P
+ qη2
T
. (12)
Here ~Bp is the first term of Eq.(4). For the prescribed mag-
netic field (5) and (6), we have q = 1.95× 10−6.
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3 RESULTS
We first compare the ellipticity computed with and with-
out gravitational perturbation by fixing other model details
as in Mastrano et al. (2011). In Fig.1 we plot the ellipticity
ǫ as a function of Λ which measures the relative energy of
poloidal magnetic field to the total one. The solid line cor-
responds to the full perturbation when the perturbation of
gravitational potential is taken into account. The dashed line
is for Cowling approximation as in Mastrano et al. (2011).
For this parabolic density profile, the ellipticity of the full
perturbation is nearly twice as large as that of Cowling ap-
proximation. The fitting formula of ǫ is
ǫ = 1.3 × 10−5
(
Bsurface
5× 1010T
)2( M⋆
1.4M⊙
)−2 (
R⋆
104m
)4
×
(
1−
0.41
Λ
)
, (13)
where Bsurface ≡ ηPB0.
We also compute the ellipticity for the polytropic case
with index N = 1 which is studied in Mastrano et al. (2011).
Compared to the parabolic case, the density profile of the
polytrope corresponds to that of a slightly softer equation
of state, which shows more concentration near the origin.
Overall the density profile is similar to the parabolic one and
we confirm that the relative error in Cowling approximation
is almost the same as in the parabolic case. ǫ for this case is
fitted as,
ǫ = 1.2 × 10−5
(
Bsurface
5× 1010T
)2( M⋆
1.4M⊙
)−2 (
R⋆
104m
)4
×
(
1−
0.40
Λ
)
. (14)
This is, however, only for these particular choices of density
and magnetic profile. To see what happens for a different
situation, we adopt an extreme case of density profile. A
density profile with off-centred maximum is defined as
ρ =
15M⋆
8πR3⋆
(
r
2 − r3
)
(15)
with a corresponding gravitational potential
Φ =
GM⋆
2R⋆
(
r4
20
−
r6
42
−
851
420
)
. (16)
Although this profile is far from realistic, it gives an example
showing that the density profile of the non-magnetic back-
ground state is as important to determine ǫ as the magnetic
field distribution. In Fig.3 we plot the ellipticity as a func-
tion of Λ parameter. The magnetic field distribution is the
same as in the parabolic density profile case above. We are
here interested in the qualitative behaviour and do not care
the size of the ellipticity. The ellipticity in Cowling approx-
imation behaves rather differently from that in full pertur-
bation. For a larger poloidal fraction of magnetic field, the
full theory predicts prolate deformation of a star while the
Cowling approximation produces an oblately deformed star.
As the toroidal fraction is increased ( Λ→ 0), this tendency
is reversed. This extreme case shows that we need to take
into account gravitational perturbation to compute securely
the ellipticity of a star.
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Figure 1. Ellipticity of a stellar model induced by magnetic field
(Eq.(4)) is plotted as a function of Λ which measures the relative
strength of poloidal magnetic field to the total field. The solid
line takes into account gravitational perturbation, while the dot-
ted line is for Cowling approximation. The non-magnetic stellar
model has a parabolic density profile as Eq.(1). We fix B2
0
/(µ0pc)
to be 10−7 and ηP to be unity.
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Figure 2. The same as Fig.1 except that the non-magnetic stellar
model has a density profile of N = 1 polytrope.
4 SUMMARY AND COMMENTS
Mastrano et al. (2011, 2013) computed the ellipticity in-
duced by the Maxwell stress of density-stratified stars with
magnetic field. It is assumed that the deformation is so
small that it is treated as a linear perturbation to the non-
bartotropic spherical equilibrium. With Cowling approxima-
tion in which the Eulerian perturbation of gravitational po-
tential is neglected, they obtain a neat analytic formula for
the ellipticity assuming magnetic field to have a prescribed
analytic distribution. We assessed the reliability of Cowl-
ing approximation in their model by taking the perturbed
gravitational potential into account. As is expected from
the stellar perturbation theory, Cowling approximation gives
rise to a large error in density distribution and the elliptic-
ity depending on the spherical background star as well as
on the magnetic distribution. For a comparatively realistic
c© 20xx RAS, MNRAS 000, 1–4
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Figure 3. The same as Fig.1 except that the non-magnetic stellar
model has an off-centred density maximum.
case, however, the deviation of the ellipticity due to Cowling
approximation from the actual value may be smaller than
an order of magnitude. The result is consistent with the
former studies (Ushomirsky et al. 2000; Cutler et al. 2003;
Haskell et al. 2006) in which the effects of Cowling approxi-
mation on the ellipticity due to crust mountains of neutron
stars are estimated. Although the magnetic field instead of
the crust shear modulus deforms the stars here, the results
obtained are consistent with those in the former studies, i.e.,
neglecting the gravitational perturbation may suffer a few
hundred per cent of errors in the ellipticity for astrophysi-
cally relevant models. On the other hand, by comparing the
full and the Cowling treatment for non-trivial density dis-
tribution we see that neglecting gravitational potential may
lead to a rather erroneous result. It may be safe to take into
account the gravitational perturbation in computing mag-
netic deformation of a star.
Finally an extension of the formulations by Tokyo
group (Tomimura & Eriguchi 2005; Yoshida et al. 2006;
Fujisawa et al. 2012) to include non-barotropic effect may
be useful to compute consistently the effect of magnetic field
and gravity on the ellipticity of magnetized stars.
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